It is known that beyond Horndeski theory admits healthy bouncing cosmological solutions. However, the constructions proposed so far do not reduce to General Relativity (GR) in either infinite past or infinite future or both. The obstacle is so called γ-crossing, which off hand appears pathological. By working in the unitary gauge, we confirm the recent observation by Ijjas [1] that γ-crossing is, in fact, healthy. On this basis we construct a spatially flat, stable bouncing Universe solution whose asymptotic past and future are described by GR with conventional massless scalar field.
Introduction and summary
Horndeski theories [2] [3] [4] [5] are the most general scalar-tensor theories whose equations of motion are second order despite the presence of higher derivatives in the Lagrangian. There is an extension of the general Horndeski theory, which is referred to as "beyond Horndeski" [6] . The difference between Horndeski and beyond Horndeski theories is that in the latter, the equations of motion are third order but still with no Ostrogradsky instabilities arising. Further generalization is dubbed "DHOST" theories [7] [8] [9] .
Horndeski and beyond Horndeski theories are widely used for constructing various cosmological solutions like cosmological bounce, Genesis, etc. [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Indeed, (beyond) Horndeski theories are capable of violating the Null Energy Condition without obvious pathologies (for a review see, e.g., Ref. [22] ). In this paper we concentrate on the classical bouncing solutions.
described by a theory of a conventional massless scalar field and GR. We give an explicit example of such a bouncing solution and check its stability during entire evolution. This paper is organized as follows. We introduce the beyond Horndeski theory and give the basic formulas of the linearized perturbation theory in Sec. 2. In Sec. 3 we demonstrate that the solutions for linearized perturbations in the unitary gauge are indeed non-singular for any value of the denominator including zero, i.e., that γ-crossing is not pathological. We also revisit the no-go argument for the general Horndeski theory and stress that healthy γ-crossing does not help to evade the no-go theorem. In Sec. 4 we present an explicit example of the healthy bouncing solution in beyond Horndeski theory, which connects two asymptotics with a massless scalar field and the conventional Einstein gravity.
Perturbations in Horndeski theory and beyond
In what follows we consider both the general Horndeski and beyond Horndeski cases. The Lagrangian of the beyond Horndeski theory has the form (mostly negative metric signature):
L 5 = G 5 (π, X)G µν π ;µν + 1 3 G 5X ( π) 3 − 3 ππ ;µν π ;µν + 2π ;µν π ;µρ π
where π is the scalar field (sometimes dubbed generalized Galileon),
In this and next sections we concentrate mostly on the scalar sector of perturbations about the spatially flat FLRW background. In this case the ADM decomposition of the linearized metric has the following form:
The scalar field perturbation is denoted by δπ = χ. Without loss of generality we partly use the gauge freedom and gauge away the longitudinal component ∂ i ∂ j E from the very 3 beginning. Then, the quadratic action for the scalar perturbations has the form
where an overdot stands for derivative with respect to cosmic time t, and coefficients A i are expressed in terms of the Lagrangian functions and their derivatives. Their explicit expressions are collected in Appendix A. Note that the terms αζ and ζ 2 have vanishing coefficients thanks to the background equations. The correspondence between our coefficients A i and those in Refs. [25, 28] is
Also, the coefficient A 4 is denoted in Refs. [1, 21, 30] by
The quadratic action (3) is invariant under the residual gauge transformations:
where H is the Hubble parameter and ξ 0 is the gauge function. Lapse (α) and shift (β) variables are non-dynamical, and variation of the action (3) with respect to them leads to the following constraints:
By utilizing the constraints (7), we integrate out α and β. We write the resulting action in terms of gauge invariant combination of the curvature and scalar field perturbations:
where
The potentially problematic situation occurs if the coefficient A 4 crosses zero. Following Refs. [1, 21, 30] we call it γ-crossing, see eq. (5). Indeed, according to constraints (7), both α and β appear singular when A 4 = 0. Moreover, the coefficients A, B and C in the quadratic action (8) hit singularity, making the stability analysis tricky.
However, it has been shown in Ref. [1] , that in the Newtonian gauge, the solutions for the variables α, ζ and χ are regular for all values of A 4 , including zero. This implies that the solutions for all scalar perturbations are everywhere regular in any other gauge. To see explicitly that this is indeed the case, we carry out in Sec. 3 calculations analogous to Ref. [1] but in the unitary gauge and show that the solutions for all variables in the unitary gauge, namely, ζ, α and β, are in fact regular at γ-crossing.
3 γ-crossing
Solutions for metric perturbations in the unitary gauge
In this section we obtain the solutions for ζ, α and β in the unitary gauge and show that these are regular despite the seeming pathology of eqs. (7) and action (8) at γ-crossing.
As the first step, let us assume that α and β are finite and can be found from eqs. (7) for any value of A 4 including zero (below we explicitly show that this assumption does hold). This enables one to legitimately obtain the quadratic action (8) in a standard manner. Upon imposing the unitary gauge χ = 0 in the action (8) , one obtains the linearized equation for ζ:
In what follows, we keep track of the coefficient A 4 and its time derivatives only. Making use of the definitions (9) and performing Fourier transformation, we write eq. (10) in the following form:
where c i are combinations of the coefficients A i , i = 4. These combinations are non-singular at γ-crossing. Since for homogeneous background the coefficients A i are functions of time only, so are the coefficients c i in eq. (11) .
To study the behavior of metric perturbations at γ-crossing, we choose the origin of time in such a way that γ-crossing occurs at t = 0 and write
where C is a constant and dots denote terms of higher order in t. Let us first obtain the solutions to eq. (11) to the leading order. Keeping only the dominant terms in the vicinity of t = 0, we find that eq. (11) is reduced tö
and the two solutions to this equation are
and
Importantly, the corrections to the solution (14) start with t 2 :
where the coefficient c 4 is, explicitly,
Thus, even though the linearized equation for ζ is singular at t = 0, the solutions (14) and (16) A 1 and A 6 = −3A 4 (see eqs. (37) and (38) in Appendix A) we write eqs. (7) in the unitary gauge:
Because of eq. (16), the shift perturbation (18a) is obviously regular. Off hand, the right hand side of eq. (18b) is of order t −1 . However, the terms of order t −1 cancel out: in view of (12), (16) and (17), we have
Therefore, the shift perturbation β is regular as well. Moreover, it is now evident that the unitary and Newtonian gauges are related by a non-singular transformation. Indeed, moving from the unitary to Newtonian gauge amounts to gauging away β and introducing χ back. Since β is regular, the corresponding gauge function ξ 0 in (6) is regular as well. Hence, we have explicitly shown that there is nothing wrong with letting A 4 to cross zero. It is still possible to analyse the stability in terms of the unitary gauge set of variables around this point.
As discussed in Refs. [1, 28] , γ-crossing is essential for constructing spatially flat bouncing solutions, which connect two asymptotic states of the Universe, in which the field π is a conventional scalar field and gravity is described by conventional GR. Indeed, in that case G 4 → 1/2, K, G 5 , F 4 , F 5 → 0 as |t| → ∞, and, according to the explicit expression (36) given in Appendix A, A 4 → −2H. Bouncing solution implies that the Hubble parameter, and hence (−A 4 ), are negative at early times and positive at late times, so A 4 crosses zero somewhere. Since in many previous works γ-crossing was believed to be troublesome, the scenario with restored Einstein gravity long before and after the bounce was not considered. In the Sec. 3 we construct a specific example of this type of bouncing solution.
No-go theorem and γ-crossing
Let us now briefly revisit the no-go theorem [25] for the general Horndeski theory and emphasise that γ-crossing does not help to evade this theorem. To this end, let us recall the form of the quadratic action for tensor perturbations valid both in Horndeski and beyond Horndeski theories:
where h T ik denotes transverse traceless tensor perturbation. The quadratic action in the scalar sector has the form (8) . To avoid ghost and gradient instabilities one requires A 5 > 0, A > 0 and A 2 > 0, C > 0. The main no-go argument is based on the requirement of the absence of gradient instabilities in the scalar sector, i.e. C > 0. Taking into account the positivity of both A 2 and C and using the definition of C in (9c), we write this requirement in the following form
The point is that
is, therefore, a monotonously growing function, hence, it crosses zero somewhere during the evolution (unless A 2 , C → 0 as t → −∞ and/or t → +∞, which is dangerous because of potential strong coupling). In the case of the general Horndeski theory, one has
see (39) and (48), and A 5 has to be positive to avoid ghost instabilities in the tensor sector. So the zero-crossing of ξ may occur only due to the behavior of This case is not only fine-tuned, but also faces strong coupling problem in the tensor sector, see eq. (20) . Hence, the scenario with γ-crossing still does not help to naturally evade the no-go theorem in the general Horndeski case.
An example of the bounce with conventional asymptotics
Let us now take advantage of the safety of γ-crossing and construct a bouncing solution in beyond Horndeski theory, where the driving field π reduces to a conventional massless scalar field and gravity tends to GR in both distant past and future. Without loss of generality we choose the following form of the scalar field
so that X = 1. Indeed, assuming that the scalar field monotonously increases, one can always obtain (24) by field redefinition. Then the asymptotics of the Lagrangian functions as t → ±∞ are (we set M 2 P l /(8π) = 1)
3 In addition to (4), we note that our notations are related to those in Refs. [25, 28] as A = G S , C = F S .
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Equations (25b) and (25c) ensure that gravity is described by GR, while the choice (25a) indeed implies that ϕ = 2 3 log(π) is a conventional massless scalar field. Its equation of state is p = ρ, and hence
Note that the field equationφ + 3Hφ = 0 is satisfied for ϕ = 2 3 log(t). In this section we choose a specific form of H and reconstruct the Lagrangian functions of the beyond Horndeski theory which yield the chosen solution. This approach is by now standard [21, 23, 28, 29] . Our main concern is the stability of the solution during the entire evolution.
Let us choose the following form of the Hubble parameter,
so that
and the bounce occurs at t = 0. The parameter τ in (27) determines the duration of the bouncing stage; we take τ 1, so that the time scale inherent in the solution greatly exceeds the Planck time. To reconstruct the theory which admits the solution (27) we use the following Ansatz for the Lagrangian functions
while K(π, X) = 0, G 5 (π, X) = 0, F 5 (π, X) = 0. Let us note that in full analogy with Ref. [28] there is no need to employ both beyond Horndeski functions F 4 (π, X) and F 5 (π, X): one of these functions, F 4 (π, X) in our case, is sufficient to get around the no-go theorem and satisfy the stability conditions. Our tactics is to choose F 4 (π, X), G 4 (π, X) and also f 2 (π) in (29) in such a way that the stability conditions are satisfied, and find f 0 (π) and f 1 (π) from the background equations of motion. Indeed, there are two independent field equations which can be chosen, e.g. as (00)-and (ij)-components of the generalized Einstein equations (see Appendix B for their explicit forms). These equations can be used to find f 0 (π) and f 1 (π) in terms of other functions in (29) . Once our G 4 (π, X) and F 4 (π, X) have the asymptotics (25b), (25c) and the Hubble parameter asymptotes (26) , the function F (π, X) automatically has the asymtotics (25a).
To clarify the reasons behind further choice of functions in (29) , let us give an explicit form of the quadratic action in beyond Horndeski theory, which includes both tensor and scalar dynamical degrees of freedom (with unitary gauge imposed):
where A and C are defined in eq. (9). We present the detailed reconstruction of the Lagrangian functions in Appendix C, and here we give the results only. The functions f 0 (t), f 1 (t), f 2 (t), g 40 (t), g 41 (t), f 40 (t) and f 41 (t) entering (29) are shown in Fig. 1 (the analytical expressions are gathered in Appendix C). Their asymptotic behavior as t → ±∞ is as follows:
As promised, the Lagrangian functions F (π, X), G 4 (π, X) and F 4 (π, X) have the asymptotics (25) . The coefficients A and C are shown in Fig. 2 ; note that they are positive everywhere and infinite at some point (γ-crossing). Their ratio c Fig. 3 , which shows that the propagation is subluminal in the scalar sector. We choose the functions g 40 (π), g 41 (π), f 40 (π) and f 41 (π) in (29b) and (29c) in such a way that
hence, the tensor perturbations are stable and strictly luminal. Thus, the stability requirements in both tensor and scalar sectors are satisfied and our bouncing solution indeed has conventional asymptotics in both distant past and future. Finally, let us compare bouncing models with and without γ-crossing. The inequality (21) must be satisfied in beyond Horndeski theory, so the function ξ(t) defined in (22) must grow monotonously. The difference, as compared to the Horndeski theory, is that eq. (23) does not hold any more, so A 7 is no longer constrained. In a model without γ-crossing, A 4 is always positive, so ξ(t) crosses zero due to the zero of A 7 (t). This situation is shown in Fig. 4 , top panel. The fact that (−A 7 ) is negative at early times while A 5 is always positive (see (20) ) reiterates that the beyond Horndeski term is relevant at early times. In a model with γ-crossing, ξ diverges at γ-crossing, so ξ, and hence A 7 , crosses zero twice. This enables one to have −A 7 = A 5 = 1 both at early and late times, which corresponds to GR asymptotics. This case is shown in Fig. 4 , lower panel. and with γ-crossing (bottom panel). The former case was studied in Ref. [28] . 12
In this Appendix we collect the expressions for coefficients A i entering the quadratic action (3):
+ 6H 2 F 5π 4 + 6ḢF 5π 4 + 12HF 5Xππ 5 + 6HF 5ππ 5 , This completes the reconstruction of the Lagrangian functions (29) .
